Abstract-A dominant presence of parametric model uncertainties motivates an adaptive approach for control of very flexible aircraft (VFA). This paper proposes an adaptive controller that includes a baseline design based on observers and parameter adaptation based on a closed-loop reference model (CRM), and is applicable for a class of multi-input multi-output (MIMO) plants where number of outputs exceeds number of inputs. In particular, the proposed controller allows the plant to have first-order actuator dynamics and parametric uncertainties in both plant and actuator dynamics. Conditions are delineated under which this controller can guarantee stability and asymptotic reference tracking, and the overall design is validated on a nonlinear VFA model.
I. INTRODUCTION
Very Flexible Aircraft (VFA) corresponds to an aerial platform whose equilibrium flight conditions (trims) critically depend on its flexible wing shape [1] , [2] , and has been investigated as a potential solution to generate high-altitude low-endurance (HALE) flights [2] . One of the challenges of VFA is a significant change in its rigid-body dynamics when the flexible wing deforms. For example, the pitch (short period) mode of VFA can become unstable when wing dihedral is trimmed at a high value [1] , [3] . As a consequence, control designs based on rigid-body dynamics only may fail to stabilize the aircraft [3] .
Nonlinear VFA models have been investigated in [1] , [4] , [5] with focus on capturing the flexibility effects as well as on advanced control designs. A particular control challenge for VFA is that only rigid body state measurements are available for control, while wing flexible states are not. Another control challenge is that maneuvers of VFA requires navigation through multiple trims, which necessitates additional gain scheduling design. This paper proposes an adaptive outputfeedback controller together with gain scheduling.
The classical approach to MIMO adaptive controllers (see [6, Chapter 10] and [7, Chapter 9] ) is based on the underlying plant transfer function matrix. Such a design typically requires the knowledge of plant's Hermite form [8] and uses a non-minimal observer along with a reference model. In contrast to the classical method, recent literature proposes a new approach based on state-space representation, which uses a minimal observer to generate the underlying state estimates [9] - [13, Chapter 14] . Unlike the classical approach, the minimal observer is also used as a reference model, by appealing to the notion of a CRM, which is recently shown to be a highly promising direction in adaptive control due to improved transients [14] . The controllers proposed in these references, however, are based on a restrictive assumption that the relative degree of the plant is uniformly unity, which ignore any actuator dynamics that may be present. While this was relaxed in [15] to include a relative-degree two plant, some of the assumptions made regarding the parametric uncertainties therein prevents the application of the proposed controller to VFA models. In this paper, we relax these assumptions. In particular, we assume that the plant may be non-square, allows a larger class of parametric uncertainties, and includes actuator dynamics that may be unknown. This paper is organized as follows. Section II introduces mathematical preliminaries. Section III formulates the control problem in the context of VFA control. Section IV develops an adaptive controller and presents the stability analysis. Section V presents simulation results.
II. PRELIMINARIES
Consider a MIMO plant model {A, B, C} with m inputs and p outputs. The notation {A, B, C} is defined as {A, B, C} := C(sI − A) −1 B, where the variable s represents the differential operator. The transmission zeros of the plant model in this paper are defined using Definition 2 of [13] . We partition B into columns as
with b i corresponding to the ith input u i . The input relative degree of the plant model is defined as following. 
b) uniform input relative degree r ∈ N if and only if it has r = [r 1 , r 2 , · · · r m ]
T and r 1 = r 2 = · · · = r m := r.
Generically, any MIMO plant model has input relative degree since conditions i) and ii) are generically satisfied. The following proposition describes a minimal realization of a system after adding differentiators to its input. Proposition 2. If {A, B 2 , C} has uniform relative degree two, the following two linear systems share a same transfer 2016 American Control Conference (ACC) Boston Marriott Copley Place July [6] [7] [8] 2016 . Boston, MA, USA 
III. PROBLEM STATEMENT
Our starting point is a nonlinear VFA model including its complete rigid body dynamics and flexible component dynamics, derived in [5] using the virtual work method as
assuming control surfaces are on the flexible components. are states of the flexible wing with elements being states of each discretized flexible segments, andḃ = β are states of rigid body with β being velocities and b being positions/orientations. K F F is the stiffness of the joints. Define J h ( , b) = ∂h ∂ and J hb ( , b) = ∂h ∂b as the Jacobian matrices with h( , b) being the lumped coordinate transformation effects integrated along wing span.
∂ 2 bḃ , the compliance matrices C (·)(·) are functions of ( ,˙ , b, β). More specifically,
where M (·) is the effective inertia and C (·) is the effective compliance; u s is the control surface input; F load = F load (¨ ,˙ , ,β, β, u s ) (see [5] for detail derivations). Further, we assume that inertia and compliance properties of flexible components vary slowly with respect to the rigid body positions and orientations. As a result, J (·)(·) , M (·)(·) and B (·) are only function of , and the compliance matrices C (·) (·) are only functions of ,˙ , β. The generalized aerodynamic loading F load are calculated locally at wing segments and then summed along the wing span. It is noted that because inertia, compliance and external load effects are all subject to local coordinate transformation, M (·)(·) , C (·)(·) and B (·) all have J hb or J h as their leading factors.
To design a controller for a trim
T , we first define deviation states and inputs as
T ∈ R np and u p = (u s − u 0 ) ∈ R m , respectively, and perform model linearization (ignoring high-order error terms), which generally leads to a linear parameter varying (LPV) plant as
where Q 1 includes inertia matrices, Q 2 includes compliance and stiffness matrices and both are functions of (¨ 0 ,˙ 0 , 0 ,β 0 , β 0 ) (see [5] for detail derivations). Q 3 is a function of ( 0 , β 0 , u 0 ). Control of the LPV plant requires gain scheduling [16] with respect to (¨ 0 ,˙ 0 , 0 ,β 0 , β 0 , u 0 ), which faces difficulties since only ( 0 , β 0 , u 0 ) are measurable, while (¨ 0 ,˙ 0 ,β 0 ) are not. The controller has to schedule its gains using an assumed trim point (0, 0, 0 , 0, β 0 ), which can be far away from the actual trim; This introduces model uncertainties as
where Q 1 and Q 2 are the known parts as well as Q 3 , while ∆Q * 1 and ∆Q * 2 are the unknown. Eq.(6) transforms the plant (5) into a special form as specified in Lemma 1, whose proof can be found in [17] . Lemma 1. With the unknown ∆Q * 1 and ∆Q * 2 parameterized as
where
, and
, are unknown. Eq. (7) implies that the local body inertia and compliance changes caused by local wing deformation can be approximated by similar changes caused by external loads. In realistic applications, Λ * can include control effectiveness loss Λ *
d can be present due to possible control surface damage.
Eq. (8) is the actual uncertain LPV plant model when aircraft flies through different trims. All matrices in Eq. (8) are assumed to vary slowly between trims and Eq.(8) are treated as an uncertain LTI plant when we design control parameters around a single trim. u p ∈ R m are control inputs, y ∈ R pp are measurement outputs. z ∈ R r are tracking outputs defined as
since it is also subject to the coordinate transformation determined by uncertain local wing deformation. The numbers of inputs and outputs
An adaptive control design for (A p , B p , C p ) (referred as relative degree one adaptive controller hereafter) has been developed in [9] , [10] , [13] and is able to achieve asymptotic tracking of a reference trajectory for z in the absence of actuator dynamics. In this paper, we extend this result to include actuator dynamics of the formu p + c(I + Θ * T a )u p = cu where c is the nominal actuator time constant and Θ * a ∈ R m×m is its uncertainties.
For command tracking, we augment the LTI plant (8) with integral error states w z :=´(z − z cmd )dt. The augmented plant is shown in Eq. (9), which is rewritten in a compact form aṡ
(10) w u are scaled actuator states defined as w u = Λ * u p . x ∈ R n are augmented states, u ∈ R m are new control inputs, and y ∈ R m are augmented measurement outputs. Matrices A ∈
, and Λ * ∈ R m×m and they include unknown elements.
are uncertainties in the plant dynamics and B 2 Ψ * T 2 are the uncertainties in the actuator dynamics. It is noted that in [15] it is assumed that Ψ * T 1 = 0 but not in this paper. The control goal is to design u such that z tracks a trajectory z m from a reference model.
The adaptive controller that we will present requires the following assumptions regarding the plant model (10) Assumption 1 and 2 is always satisfied if (A p , B p , C p ) and {A p , B p , C pz , D z } are minimal realizations and have stable transmission zeros (see [13] for a justifications). The fact that (A, B 2 , C) is non-square makes Assumption 2 reasonable [18] . Assumption 4 is always satisfied if the plant model has the structure as in (9) , in which case B 1 = [19] ) can be designed to achieve the control goal.
For adaptive control, additional assumptions on the plant model are needed. For (9), Assumption 3 implies
has column rank m (see [13] for justifications and [15] for the relaxation to rank deficiency). The inequality (n − n z − 2m) ≥ (p − m) allows a squaringup method to be carried out. Assumption 5 is commonly satisfied for aerial platforms with physical constrains on the maximum structural deformation rate. Assumption 6 is satisfied if Θ * T q1 has a small magnitude, which implies that inertia properties of aircraft varies slowly, and Λ * d is positive definite and diagonal, which implies that control surface damage should be independent from each other.
IV. ADAPTIVE OUTPUT-FEEDBACK CONTROL This section will develop an adaptive controller for relative degree two LTI plant models. The adaptive controller is developed in Section IV-A and its parameters are designed in Section IV-B to guarantee the SPR properties of an underlying SPR error model shown in Section IV-C. Adaptive law and stability analysis can be found in Section IV-D. Proofs of all lemmas and theorems in this section can be found in [17] .
A. Control Architecture
We choose the control input u as
where u bl is determined using a baseline observer-based controller and u ad by an adaptive controller. The baseline control u bl is chosen as
where K T ∈ R m×n is designed by the linear quadratic regulator (LQR) technique. u ad is designed as
where s is the differential operator,
and Ψ * T 2 will be defined in Section IV-C. x m are the states of a modified closed-loop reference model (CRM, based on [14] ) aṡ
where Ψ T m (t) ∈ R m×p is an estimate of Ψ * T in,m , which will be defined in Section IV-C, and e sy := R −1 Se y , and e y := y − y m . 
B. Design of L and S
The design of L in (14) and S in (15) will be based on a square system, which necessitates a squaring-up procedure being carried out on {A, B 2 , C}, discussed in Lemma 2 (see [20] for the proof). Define m s := p − m.
Lemma 2. For plant models satisfying Assumptions 1 to 3, there exists a B s1 ∈ R n×ms such that {A, B 2 , C}, where
], has stable transmission zeros and nonuniform input relative degree as r i = 2 for i = 1, 2, · · · , m and r i = 1 for i = m + 1, m + 2, · · · , p. B s1 will only be used to design L and S, which are
where ε > 0 is chosen to be large enough as
A detail solution of ε max can be found in [15, Eq.(30)], which can be applied here since {A, B 1 2 , C} has uniform r = 1. ε max is so designed to guarantee the SPR properties of an underlying error model as will be shown next.
C. Underlying SPR Error Model
This section will present the analysis of underlying error model and its SPR properties. The error model is derived by subtracting (14) from (10) aṡ
where e x = x − x m are state errors, A *
It is noted that B (20) can be parameterized as stated in Lemma 3, whose proof can be found in [17] . and Ψ * T in,m ∈ R m×p are a linear function of Ψ * T
.
Substituting u ad with (13) and L with (25), and applying (15)(16), the error model (22) can be derived aṡ
where we used
2 ; Such parameterization always exists since Assumption 4 and Lemma 3 hold. Substituting u ad in (26) with (13) and applying Proposition 2 with (24) yieldṡ
where e mx = e x +B 2 [·] whose detail expression can be found in [17] ;
are parameter estimation errors. It is noted that (28) holds because CB 2 = 0. Eq.s (27) and (28) 2 , C} has all stable transmission zeros, the proof of which can be found in [17] . Define Z{·} as the set of transmission zeros. 
D. Adaptive Law and Stability Proof
This section will present the adaptive law for the adjustable parameters in u ad (13) andẋ m (14) . The structure of the SPR error model (27) suggests that the uncertainty estimates Ψ Λ (t) and Ψ m (t) should be adjusted usinġ
where Γ ψ λ > 0 and Γ ψm > 0 are adaptation gains. The following theorem guarantees the stability and tracking performance of the adaptive system, whose proof can be found in [17] . Define e z (t) = z − z m as tracking errors. Theorem 1. For an uncertain MIMO plant model (10) that satisfies Assumptions 1 to 6, and for any z cmd (t) that is piecewise continuous, the adaptive controller (11)(12)(13)(14)(29), with L and S designed in (20) , guarantees that i) the closed-loop system has bounded solutions, ii) e y (t) → 0 as t → ∞, and iii) e z (t) → 0 as t → ∞.
V. APPLICATIONS TO VFA This section applies the adaptive controller with gain scheduling on a simple nonlinear VFA model. The model features three rigid wings hinged side-by-side [1] , which are allowed to rotate with respect to each other (i.e. dihedral angle η). The platform captures basic flexible wing effects and can be viewed as building blocks of large VFA. A 6-state nonlinear model has been developed in [1, Eq.s (45) and (46)] including aircraft's pitch mode and dihedral dynamics. Define V as airspeed, α as the angle of attack, θ as pitch angle and q as pitch rate. The nonlinear model can be rewritten in the form of (3) with = η and β = [V, α, q]
T :
where s(·) = sin(·), c(·) = cos(·) and δ e and δ a are properly scaled. Parameter c 1 and c 2 are inertia constants that depends on aircraft physical properties. which only renders an error of 2.6% A p and 1.8% B p , respectively. The pitch mode of the VFA when η ≥ 11
• is unstable. The design model (31) includes first-order actuator dynamics with nominal time constant of 1 sec. u e are elevator commands and u a are aileron commands to the actuators.
For control design, first we designed control parameters for each trim. For example, L and S 2 for the linearized model (31) are found using a 
Then we schedule the control parameters [16] using realtime η measurements. For the baseline controller without adaptation, the resulting controller is an observer-based gain scheduling linear controller (referred as the baseline controller). Figure 1b The time domain simulation results with the nonlinear VFA model are shown in Figure 1 . Two actuator models were simulated, one with a time constant of 1.5 second, and the other 4 second. Besides the baseline controller, two adaptive controllers were tested: one is relative degree one as developed in Ref. [13] , which pretends the actuator dynamics is not present; the other is the relative degree two shown in Section IV based on a nominal actuator model as in (31). With fast actuators, both adaptive controllers were able to achieve tracking goals while the baseline controller failed to do so, as shown in Figure 1a . When actuator dynamics was slow as shown in Figure 1 , only relative degree two adaptive controller can achieve stable command tracking, whose parameter trajectories are shown in Figure 2 . Suppose we freeze the adaptive parameters Ψ Λ (t) and Ψ m (t) at the end of the simulation, the resulting "snapshot" closed-loop system consists of an uncertain LTI plant and a linear observer-based controllers. The Frequency domain analysis [9, Chapter 5] , as illustrated in the Figure 3 , shows that at t = 0 sec the uncertainties reduce the gain margin from the nominal value (i.e. the baseline controller without uncertainties) of [−15.7, 27 .1]dB to [−2.0, 2.6]dB, and phase margin from ±57.1
• to ±14.8 • ; The "snapshot" closed-loop systems at t = 600 sec recovers them to [−9.4, 15.3]dB and to ±48.9
• , respectively.
VI. CONCLUSIONS
To accommodate parametric uncertainties in a class of multi-input-multi-output plants that are motivated by very flexible aircraft, this paper develops a new adaptive output feedback controller that includes a baseline controller based on observers and parameter adaptation based on a closedloop reference model. In particular, the new control design allows the underlying plant model to have more outputs than inputs, and have first-order actuator dynamics and a large class of uncertainties. Control parameters are designed such that this controller can guarantee asymptotic tracking. The overall design is validated using simulations on a nonlinear VFA model navigating through multiple trims.
